The equivalence between dg duality and Verdier duality has been established for cyclic operads earlier. We propose a generalization of this correspondence from cyclic operads and dg duality to twisted modular operads and Feynman transform. Specifically, for each twisted modular operad P there is a certain sheaf F associated with it on the moduli space of stable metric graphs such that the Verdier dual sheaf DF is associated with the Feynman transform F P of P. This geometric interpretation in operad theory is of fundamental importance, and we hope that this result will illuminate many aspects of the theory of modular operads. As an application of this claim, we propose a new and simple proof of the homotopy property of Feynman transform. * dustless2014@163.com
I. INTRODUCTION
The equivalence between cyclic operads and its dg duality and Verdier duality for certain sheaves on the moduli space of stable graphs (of genus 0) has been proposed in [LV] .
A first result in this direction appeared earlier in the pioneering work of Ginzburg and Kapranov( [GinK] ), in which the authors showed that Koszul duality for operads has a geometric interpretation in terms of Verdier duality for sheaves on buildings (the space of metric trees). Specifically, it asserts that for any cyclic operad P there is a certain sheaf F associated with it on the moduli space of stable graphs such that the Verdier dual DF of F is associated with the dg dual DP of this operad. Such result was motivated by the relationships of graph homology introduced by Kontsevich ([K] ) for different kinds of Koszul dual operads, and it gives an important conceptual explanation of the appearance of graph cohomology of both the commutative and Lie types in computations of the cohomology of the outer automorphism group of a free group (see [CV] and [P] ). In this paper, we show that a more general correspondence holds for twisted modular operads with its Feynman transform and Verdier duality on the moduli space of stable graphs; in particular the result in [LV] can be regarded as a special case of ours. Although it is expected, to the best knowledge of the author, this is the first time that this equivalence is clearly stated and rigorously proved. This geometric explanation in operad theory (as well as in other related theories, e.g., PROPs) is of fundamental importance as it will illuminate many aspects of formulation of Verdier duality and etc. In section 2, we prove the main theorem, the equivalence between the Feynman transform and Verdier duality. The cyclic operad version of this equivalence is shown to follow from our result. Finally, a simple proof on the homotopy property of Feynman transform is discussed.
Notation. Throughout this paper, k will denote a field of characteristic 0. A dg-vector space or chain complex over k is · · · → V i+1 → V i → V i−1 → . . . where each V i is a vector space over k and with a linear operator d : V i → V i−1 such that d 2 = 0 and is called the differential.
And a cochain comples is, similarly, · · · → V i−1 → V i → V i+1 → . . . where each V i is a vector space over k and with differential d :
The contravariant linear dual functor V → V * taking the category of chain complexes to the category of chain complexes is defined as follows:
with the differential d * : V * i → V * i−1 defined according to the equality d * (v * )(w) = v * (dw)
for v * ∈ (V −i ) * and w ∈ V −i+1 A different contravariant dual functior V → V ∨ taking the category of chain complexes to the category of cochain complexes is defined as follows:
with the differential
For a finite collection {V α |α ∈ I} of finite-dimensional vector spaces, we have a natural
For a simplex τ , we denote Det(τ ) as/to be the determinant of the set of vertices of τ . When the ground filed k = R, a choice of a nonzero element in Det(σ) up to a positive real factor is equivalent to providing σ with an orientation in the usual sense.
Finally, throughout the rest of this paper, all the operads take values in a dg-vector space over a field k of characteristic 0, unless otherwise specified.
II. PRELIMINARY RESULTS
We present preliminary results relevant to modular operad, Feynman transform, Verdier duality and other notions. We will omit proofs for majority of propositions discussed in this section and the interested readers are strongly advised to consult the original papers [B] , [LV] , [GetK1] , [GetK2] and references therein for more details.
A. (Twisted) modular operad and Feynman transform
The notion of stable curve is used to compactify the moduli space of algebraic curves in the modern theory of moduli space in algebraic geometry(cf. [PD, JI] ). A stable graph is a graph used to label various strata of such compactified moduli space of algebraic curves (the Deligne-Mumford moduli space), thus it terms "stable". Its connection with modular operads lies in the fact that the moduli space is the motivational example of the concept of modular operads (see [GetK2] ), thereby it is a fundamental concept in the definition of modular operad. Our main theorem will deal with sheaves on the space of (metrised) stable graphs in the next section.
Definition II.1. (Stable graph) A graph G is specified by a set of vertices V (G), a set of half edges H(G), an involution σ and a partition λ (By a partition of a set, we mean a disjoint decomposition into several unordered, possibly empty, subsets, called blocks). We say that two half edges a, b ∈ H meet if and only if they are equivalent under the partition λ.
The edges of G are the pairs of half edges forming the two-cycle of σ , and the set of them is denoted E(G). The legs of G are the fixed-points of σ, and the set of them is denoted Leg(G) cf. for example, [GetK2] for precise definition. The cardinality of the set of half edges adjacent to a vertex v is denoted by n(v). A stable graph is a graph with a labeling
for each vertex v. The geometric realization of a graph is a CW complex. The genus of the graph G is defined as g(G) = v∈V (G) g(v) + H 1 (G), regarded graph as a CW complex. We denote n(G) = v∈V (G) n(v). cf. [GinK] . The term stable graph comes from the theory of Deligne-Mumford space, where they are used to label various strata of the space.
Definition II.2. (Morphism of graphs) Let G 0 and G 1 be two graphs. A morphism f : Remark II.1. Generally speaking, the conditions 2 and 3 indicate that the morphism of graphs is the contraction of a set of edges which satisfies the compatibility condition 1.
The concept of modular operad is, in general, motivated by the study in complex geometry, and more precisely, the Riemann surface with marked points and their gluings along these points. Thereby it has a second parameter g for labelling corresponding to the genus of the Riemann surface. The definition of modular operad is as follows.
Definition II.3. (Stable S-module) A stable S-module is a collection of chain complex over k P(g, n) for g, n, 3g − n + 2 > 0, together with an S n action, where S n is a permutation group on {1, 2, . . . , n}. Given a finite set I we can extend the definition of P to sets of finite set by:
For a stable graph G, we define
Definition II.4. (Modular operad) A modular operad is a stable S module P together with, for each pair (G, b) where G is a stable graph with g(G) = g, n(G) = n and b is a bijection between Leg(G) and {1, 2, . . . , n}, composition maps:
satisfying associativity with respect to the composition in the category of stable graphs, cf and equivariancy with S n action via relabelling the half-edges. In particular, a cyclic operad is a modular operad P with P(g, n) = 0 for n ≥ 1.
Remark II.2. This definition of modular operad is from Barannikov([B] ) which is certainly equivalent to the definition in the original work of Ginzburg and Kapranov ([GinK] ). We use this definition here because it is very natural for our purpose and will greatly simplify the proof.
Let I be a finite set, we extend the composition maps to stable graphs G with legs marked by I.
due to S n equivariance, the map does not depend on the choice of bijection of I with {1, 2, . . . , n}.
In [GetK2] a notion of cocycle was introduced to "twist" the modular operads. This is used to allow the definition of something similar to orientations(but not the same) associated with modular operads, and in the similar spirit the sheaf associated with a twisted modular operad corresponds to Kontsevich's graph complex( [K] ).
Definition II.5. (Cocycle) A cocycle is a functor ρ from the category Iso(g, n), g, n ≥ 0, of the equivalence class of stable graphs to the Picard tensor symmetric category of invertible graded one dimensional vector spaces, such that:
1. To each morphism f : G 1 → G 2 is associated an isomorphism:
2. For graph * g,n ∈ A(g, n) with no edges, ρ( * g,n ) = 1.
If ρ is a cocycle, then ρ −1 is also a cocycle, and if ρ 1 , ρ 2 are cocycles, so is ρ 1 ⊗ ρ 2 . One example of cocycle is ρ(G) = Det(E(G)), we denote it as R and is called dualizing cocycle.
If ρ is a cocycle, then the dual of ρ is defined as the cocycle R ⊗ ρ −1 , and is denoted ρ ∨ .
Another example of cocycle is
We define Feynman transform on the categories of twisted modular operad. The notion of twisted modular operad is similar to that of modular operad, except that we have an additional "twist" by a given cocycle as a refined structure and it is compatible with composition and S-equivariance.
Definition II.6. (Twisted modular operad) A ρ twisted modular operad, or a modular ρ-operad, is a stable S module toghther with, for each stable graph G, composition maps:
satisfying the associativity and equivariance condition parallel to modular operads.
Given a morphism f : G 1 → G 2 , we define the structure maps µ
as follows:
Remark II.3. The definition basically says that, structure maps are compositions of twisted modular operads along the edges being contracted whose end points corresponding to those modular operads. If a morphism is written as a sequence of single edge contractions, then the structure map is independent of the order the compositions are performed (the order of edges being contracted).
All the ingredients are ready now for the definition of Feynman transform from ρ-operads to ρ ∨ -operads.
Definition II.7. (Freely generated modular ρ-operad) Given a stable S-module P, the modular ρ-operad M ρ P freely generated by P is defined as follows:
where Γ(g, n) is the isomorphism class of pairs (G, b) where G is a stable graph with g(G) = g, n(G) = n and b is a bijection from Leg(G) to {1, 2, . . . , n}
One can extend the definition, by covariant trick, to modular operads with inputs labeled by any finite set I,
where Γ(g, n, I) is the isomorphism class of G where G is a stable graph with g(G) = g, n(G) = n and legs marked by I.
Definition II.8. (Feynman transform) A Feynman transform of a modular ρ-operad P is a modular ρ ∨ -operad F ρ P, defined in the following way. As a stable S-module, forgetting the differential, F ρ P is the free S-module generated by stable S-module {P(g, n)
is the sum over all equivalence classes of stable graphsG such thatG/e ∼ = G of the map dual to the structure map µ P G→G tensored with an orientation map:
giving by tensoring with the natural basis element e of Det(e). Specifically,
The following diagram illustrates a direct summand of ∂ µ for a specificG:
cyclic operad DO defined as follows. As a cyclic S-module, forgetting the differential the DO is freely generated by (O(T )) * where T is a stable tree, i.e. a stable graph of genus 0
The differential of DO is exactly the same as (15) except that the G,G is replaced by stable tree T ,T Definition II.10. (dg duality) A dg dual operad of a (dg) cyclic operad O is a (dg) cyclic operad DO defined as follows. As a cyclic S-module, forgetting the differential the DO is freely generated by (sO[−1](T )) * where T is a stable tree, i.e. a stable graph of genus 0, and sO is cyclic-operad suspension([GetK1]) defined by:
The differential of DO is exactly the same as (15) except that the G,G is replaced by stable tree T ,T Remark II.4. In general, the suspension s for a modular operad P is defined as sP(g, n) :=
Remark II.5. It is crucial to note that the Feynman transform and dg dual are different in that a suspension operator is applied on the cyclic operad O but not on the modular operad P, which directly results in an additional orientation factor in the formulation of equivalence for cyclic operad( [LV] ). On the other hand, as we will see in the next section, in modular operad context no additional orientation factor appears. We will be back to this point in the proof of our theorem in the next section.
B. Combinatorial formulation of Verdier duality
Another side of the picture of this equivalence is Verdier duality. One of the most important observation lies in that, on a certain space, Verdier duality has a combinatoric reformulation. This formulation was presented in a slightly different context of space stratified into cells in [KS] . It still holds in our setting of simplicial complex ( [LV] ).
Recall that Verdier duality is a contravariant functor from the bounded derived category of sheaves on a finite dimensional locally compact space X to itself, D :
having the following properties:
• D 2 (F ) ∼ = F in the derived category of sheaves having constructible cohomology
where f is a continuous map from X to Y and f * , f ! are push forward and direct image with compact support functor, respectively.
We don't treat the Verdier duality in its full generality, as it is not the purpose of this paper. The readers can consult [KS, SY] for full details. Instead, we will study its combinatorial formulation for constructible sheaves on a simplicial complex and orbi-simplicial complex. This reformulation is a crucial ingredient in proving our equivalence for (twisted) modular operad and Verdier duality.
Definition II.11. (Constructible sheaf ) Let X be a finite simplicial complex. A sheaf of dg-vector spaces over a ground field k on X is called constructible if its restriction to each face is a constant sheaf.
Remark II.6. Ginzburg and Kapranov use the term "combinatorial sheaf ". We follow the more conventional terminology adopted in, e.g. [KS] .
Consider the category whose objects are faces of X and morphisms are inclusions of faces.
It is known that a coefficient system on X is a covariant functor from this category to the category of dg-vector spaces.
The open star of a face σ consists of the union of interior of faces containing σ. The constructible sheaf is shown in [LV] It is easy to see that for a constructible sheaf F , its Verdier dual sheaf DF will have constructible cohomology, therefore, by [KS] , theorem 8.1.10, can be represented by a complex of constructible sheaves.
We now will have the following characterization of Verdier duality on the simplicial com-
Theorem II.7. Let F be a constructible sheaf, considered as an object of the derived category of sheaves on X, and DF its Verdier duality. Let {F σ }, {DF σ } be the corresponding coefficient systems. Then DF is represented by the constructible complex σ → F σ , where DF σ is the following cochain complex:
whose differential is dual to
where the last map is induced by inclusions σ ֒→ τ .
Remark II.8. Note that the (II.7) and (15) are very similar, which renders a correspondence between Feynman transform and Verdier duality.
Remark II.9. the grading of Det(V ) in [LV] is different from that in [GinK] , [B] ,where in [LV] it is concentrated in degree dim(V ) while in [GinK] and [B] it is concentrated in degree
. If the convention of [GinK] is used, theorem (II.7) has to be modified with Det(τ )
replaced by Det(τ )[−2n + 1],where n = dim(τ ) + 1.
Theorem II.10. Let F be a constructible sheaf, considered as an object of the derived category of sheaves on X,and DF is its Verdier duality, {F σ }, {DF σ } are corresponding coefficient system. Then DF is represented by the constructible complex σ → F σ , where DF σ is the following cochain complex.
where n = |V (τ )| = dim(τ ) + 1, and whose differential is dual to
We will now generalize the above result from simplicial complex to orbi-simplicial complex, this is relevant to our setting as the moduli space of stable graphs is an orbi-simplicial complex.
Definition II.12. Let X be a topological space, G a group acting properly and discontinu-
There is also a correspondence between constuctible sheaf on Y and coefficient system of Y . The Verdier duality on an orbi-simplicial complex is parallel to the one as theorem II.10.
Theorem II.11. ( [LV] ) Let F be a constructible sheaf and DF its Verdier dual, and let {F σ }, {DF σ } be corresponding coefficient systems. Then DF is represented by the constructible complex σ → F σ , where DF σ is the following cochain complex:
where n = dim(τ ) + 1, and whose differential is dual to
III. CORRESPONDENCE BETWEEN FEYNMAN TRANSFORM AND VERDIER

DUALITY
We now introduce the moduli space of metrised stable graphs. A metric graph is a graph together with a function l : E(G) → R + ; l(e) is called the length of the edge e. We consider the stable metric graph with e∈E(G) l(e) = 1. The moduli space of such graphs is shown in [LV] to be an orbi-simplicial complex, where each simplex corresponds to an isomorphism class of a stable graph, and collapsing the edges corresponds to passing to the faces of corresponding simplex. The dimension of the simplex equals the cardinality of the edge set of the corresponding graph minus one: dim(τ ) = |E(Γ ρ )| − 1. We denote this moduli space by M.
We letȲ n be the subset and also a sub-simplicial complex of M corresponding to the stable graphs of genus n. Let us recall how its orbi-simplicial complex structure is constructed in [LV, CA] . It is convenient to introduce S-labeled stable graph, for a finite set S with cardinality not less than 6n − 6. Note that 6n − 6 is the maximum number of half-edges of a stable graph of genus n. A S-labeled stable graph is a stable graph together with labellings of each of its legs by a distinct element of S. The set of labeled metrised stable graphs of genus n clearly forms a simplicial complex X n with each labeled stable graph contributing a simplex.
The face maps corresponding to edge contractions. When a loop is contracted, then the genus of the corresponding vertex increases by 1. Furthermore, Aut(S) of permutations of S acts on X n via relabeling the legs of the labeled metrised stable graphs. The resulting quotient, which isȲ n , doesn't depend on the choice of the set S. It is an orbi-simplicial complex by construction. Let Y n denote the subset (not a sub-simplicial complex) ofȲ n corresponding to metrised stable graphs whose genus of each vertex is 0 (the genus of the stable graph may be greater than 0 due to the existence of loops). Let i : Y n →Ȳ n be the corresponding inclusion. For a modular ρ-operad P, we define a constructible complex F P associated with it on M as follows. Generally speaking, the complex of sheaf F P is the complex over k generated by P ∨ , where the form of compositions and the final configuration is labelled by the stable graph Γ. It is therefore a direct summand of the "dual" modular operad of P in degree g = g(G), n = n(G). Specifically, for each orbi-simplex σ corresponding to graph Γ, we set F P σ to be the cochain complex dual to the chain complex ρ(Γ) ⊗ P((Γ)):
If τ ⊂ σ is a face inclusion, then the restriction map F P τ → F P σ is defined to be the one dual to the structure map µ P Γσ→Γτ , where Γ τ , Γ σ are graphs corresponding to simplexes τ, σ, respectively.
For each orbi-simplex σ we define another complex of sheaves E by E σ = I[−1], i.e. the scalar 1 concentrated in degree 1, whose effect is certainly to shift the degree by 1.
We now turn to the main theorem, the following correspondence between Feynman transform and Verdier duality :
Theorem III.1. Let P be a modular τ -operad, then in the derived category of sheaves over k onȲ n ,
Proof. We will evaluate (25) on an orbi-simplex σ and establish an isomorphism, natural with respect to isomorphisms of the corresponding graph Γ σ .
By definition,
by (13), (27) becomes,
As discussed in the last section, it is necessary to note that for cyclic operads we have the suspension of operad sO instead of pure O in the definition of the complex of sheaves associated with F , which results in the appearance of an additional orientation factor needing to be addressed carefully(see [LV] for details). However, in modular operads context the orientation factor is contained in (14) which ensures that the calculation of orientation spaces is relatively easier(the relation between these two cases will be discussed below).
Following [LV] , we note that a graph Γ σ with each vertex v decorated by a stable graph G with g(G) = g(v), n(G) = n(v) and with Leg(G) the same as Leg(v) is literally the same as a graph Γ τ with a collection of subgraphs, such that contracting each of these subgraphs returns Γ σ , we call Γ τ the vertex expansion of Γ σ .
Let Γ τ be a vertex expansion of Γ σ , and f : Γ τ → Γ σ be the morphism corresponding to contracting all the subgraphs.
then (28) becomes
by (8) 
where τ is an orbi-simplex corresponding to Γ τ and m = |E(Γ τ )|.
On the other hand, by theorem (II.11),
the last equality owes to
So we conclude that (25) holds when evaluating on the orbi-simplex σ. And by the definition (23) and (15), sheaf restriction maps and the differential in Feynman dual operad coincide, (33) and (36) are thereby isomorphic in the derived category of sheaves on F .
Finally, a simple check shows that the sheaf restriction maps are the same on both side, thus we complete the proof.
For the convenience of the following discussions, we will define two more complexes of sheaves K and L as follows:
Lazarev and Voronov( [LV] ) formulated the correspondence between dg duality for cyclic operad and Verdier duality. We will show that one can recover their result from our result in this paper. For reader's convenience we collect their results:
Assume O is a cyclic operad. Let M 0 be the moduli space of metrised stable graphs of genus 0. For an orbi-simplex τ ∈ M 0 , let Γ τ be the corresponding stable graph.
• For a simplex τ ∈ Y n , let auxiliary orientation sheafH
The resulting sheaf i −1H on Y n will be denoted H.
• For a simplex τ ∈ Y n , letF O τ be the sheaf associated with O as defined in (19), and for any simplex τ ∈Ȳ n /Y n , we setF
Theorem III.2. There is a canonical isomorphism in the derived category of sheaves on Y n
where DO is the dg dual operad of O.
We now prove that their result follows from ours. First, we will give a first proof of a relationship between the Feynman transform and the dg duality for cyclic operads. This relation has been formulated in [GetK2] (see formula (5.9)), however, no proof is given there and in other literatures(at least to the best knowledge of the author). A cyclic operad A can be regarded as a modular operadÃ withÃ(g, n) = 0 for g ≥ 1. And let F (Ã) to be the Feynman transform ofÃ regarded as a twisted modular operad with trivial cocycle ρ(G) = k.
Let Cyc(P) be the genus 0 part of the modular operad P, i.e. Cyc(P) = P (0, n), n ≥ 0 and DA be the dg-dual operad of A.
Proposition III.3.
for a modular operad P and is called suspension of P . When O is a cyclic operad, it corresponds to the usual notion of suspension defined for cyclic operad (sO)(n) = Σ 1−n O(n), under the usual convention correspondence:
Proof. By definition(cf. [GetK2] ), the left hand side of (42) is
where the term for |G| = t is of degree −t (as it is the linear dual of the corresponding terms as in Kontsevich's graph complex( [K] ), in which the term for |G| = t is placed in degree t).
Where T ∈ Γ(0, n) is the tree with n leaves. The term for |T | = t, in which the tree T has the number of internal edges t, is again, in degree −t. On the other side, the dg-dual of a cyclic operad O is defined in (II.10) as follows (cf. [LV] , [GinK] )
which means dg-dual operad a cyclic operad is generated by the linear-dual of a suspension and shifted version of O evaluated over trees. Using the obvious identity
for any tree T , it is known that(cf. [GinK] ), the expand of
where DET (T ) is defined as DET (T ) := Det(k in(T ) ), a one-dimensional vector space concentrated in degree 1 − |in(T )|, where in(T ) is the set of input half edges. Thus the cardinality of in(T ) is n for T ∈ Γ(0, n + 1). And the degree for the term at |T | = t is thus −t + n − 2.
To make the convention consistent, we adopt the modular operad convention for the n-th component of both operads. Thereby, the corresponding degree on the right side of (48) for the term at |T | = t is actually −t + n − 3, which immediately proves the lemma, as it is known that ΣsP (0, n) is ΣDet −1 (k n )[−2] ⊗ P (0, n) which cancels out the corresponding terms in the right hand side of (48).
We can now prove that (41) is a special case of the main theorem (25).
Proposition III.4. (41) can be derived from (25) by regrading the cyclic operad A as a modular operadÃ.
Since we are working with twisted modular operads and cyclic operads these two contexts, to emphasize their differences, we will use F O and F P to denote the complex of sheaves associated with cyclic operads and twisted modular operads, respectively.
Proof. By our main theorem (25)
is the tensor product ofÃ over graphs of genus g and half edges n, g is the sum of the genus of all the factors. AsÃ is only non-zero at genus 0, we thereby get that it is so for F (Ã). We thus have F (Ã)(0, n) ∼ = Cyc(F (Ã)). Thus, if we let M 0 denote the subset(not a sub simplicial complex due to contracting loops yields genus 1 graphs) of M corresponding to stable trees, and let F Cyc(F (Ã)) P be the complex of sheaves on M defined firstly on Y n according to the rule (19), and then be extended by 0 toȲ n . This is the same rule as the one defined for cyclic operads just above, except that it is now in twisted modular operads context rather than cyclic operads. Then it is isomorphic to the left hand side of (51). Formulated mathematically:
As F (Ã) is modular-R operad, where R is the dualizing cocycle, for each simplex ρ ∈
We let the complex of sheaves K defined as
On the right-hand side of (25), it is also that (25) and all the isomorphisms of different complexes of sheaves established above, we have:
Let us identify F ΣsDA O
. Note that it is isomorphic to
Let us calculate the first factor of (59), the inverse of which is exactly computed in [LV] .
First,
For any stable graph Γ corresponding to a simplex ρ
To compute (62), we follow the arguments in [LV] which calculates the inverse of it
where v(Γ) = |V (Γ)|. Note that the set v∈V (Γ) H(v) is naturally isomorphic to the set e∈E(Γ) H(e), where H(e) is the set of (two) half edges making up an edge e, as both sets count the set of half-edges H(Γ) of the graph, the former by grouping the set of half-edges by vertices, the latter by edges. By passing to determinants, we obtain
Note that the exact sequence
yields a canonical isomorphism
Further, we have the following natural isomorphisms:
We conclude that the last expression in (65) is isomorphic to
This result immediately implies that we have an isomorphism of complexes of sheaves
According to the relations between these sheaves (40) and (59), we can put (74) in the left hand side of (55), which directly results in that
We complete.
One of the most important properties of Feynman transform is that it is a homotopy functor, in the sense that it maps weak equivalences to weak equivalences. The original proof ( [GetK2] ) of this property is relatively long and complicated. We demonstrate an application of our theorem by proving this homotopy property of Feynman transform in a quite simple way.
Theorem III.5. If P is a modular ρ-operad, and assume P(g, n) is finite dimensional in each degree, then the canonical map τ : F ρ ∨ F ρ P → P is a weak equivalence, that is, it induces an isomorphism in homology.
Proof. Throughout the proof, we need the following simple lemma:
for each i ≥ 0, and then by the naturality of the functor and elmentary linear algebra, it is immediately that the induced dual map H i (W ∨ , k) → H i (V ∨ , k) is an isomorphism, thereby f ∨ : W ∨ → V ∨ is a weak equivalence. Since the proof of this fact is straightforward, we will leave it to the readers.
As P is a modular ρ-operad, E = F ρ P is a modular ρ ∨ -modular operad, therefore by main theorem (III.1), we have
Note that F Q has constructible cohomology for any twist modular operad Q, as from the definition F is itself a constructible sheaf. By Verdier duality (II.7), we have:
Therefore, in the derived category of sheaves onȲ n ,
Let f : F F ρ ∨ FρP ∼ = F P be any such isomorphism in the derived category of sheaves on M, since an isomorphism in derived categories is the one which induces the isomorphism in cohomology of all degrees, f induces the isomorphism on all cohomology of the sheaves(note that this is the sheaf formed by cohomological complexes of dg-vector spaces in which the sheaf takes values, rather than the sheaf cohomology). Let * g,n be the graph of genus g, n halfedges and no edges, this is the "fundamental building block" that generates F ρ P. The evaluation of F F ρ ∨ FρP , F P on the corresponding simplex σ g,n of * g,n is (F ρ ∨ F ρ P(g, Leg( * g,n ))) ∨ and (P(g, Leg( * g,n ))) ∨ , respectively. As f induces the isomorphism between the cohomology of the sheaves, it is thus a weak equivalence f | σg,n : (F ρ ∨ F ρ P(g, Leg( * g,n ))) ∨ → (P(g, Leg( * g,n ))) ∨ . It is known that if V is a chain complex over a field k which have finite dimension in each degree, then V ∨∨ ∼ = V , and if h : V → W is a weak equivalence for such chain complex V and W , then we have an induced weak equivalence h ∨ : V ∨ → W ∨ (neither statement is true if V or W is not finite dimensional in some degree). Thus, under the hypothesis that P(g, n) is finite dimensional in each degree, f also induces the weak equivalence g : F ρ ∨ F ρ P(g, Leg( * g,n )) → P(g, Leg( * g,n )). In particular, f induces a weak equivalence
